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Abstract

A general stability analysis is presented for the determination of the transition from incoherent to coherent behavior in an
ensemble of globally coupled, heterogeneous, continuous-time dynamical systems. The formalism allows for the simultaneous
presence of ensemble members exhibiting chaotic and periodic behavior, and, in a special case, yields the Kuramoto model
for globally coupled periodic oscillators described by a phase. Numerical experiments using different types of ensembles of
Lorenz equations with a distribution of parameters are presented.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Systems of many coupled dynamical units are of great interest in a wide variety of scientific fields including
physics, chemistry, and biology. In this paper, we are interested in the cagebal coupling in which each
element is coupled to all others. Beginning with the work of Kuranjbiand Winfree[2], there has been much
research on synchrony in systems of globally coupled limit cycle oscillators[ge-80['). Possible applications
include groups of chirping crickef&1], flashing fireflie§12], Josephson junction arrafis3], semiconductor laser
arrays[8], and cardiac pacemaker cellist]. Recently, Pikovsky et a[15] and SakagucHil6] have studied the
onset of synchronization in systems of globally coupled chaotic systems.

In this paper, we present and apply a formal analysis of the stability of the unsynchronized state (or “incoherent”
state) of a general system of globally coupled heterogeneous, continuous-time dynamical systems. In our treatment,
no a priori assumption about the dynamics of the individual coupled elements is made. Thus, the systems can
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consist of elements whose natural uncoupled dynamics is chaotic or periodic, including the case where both types
of elements are present. Our treatment is related to the marginal stability investigation [dffiRéfee alsg16]).
The main difference between our work and the previous works is that we treat an ensentrilefticakystems,
considering both chaotic and limit cycle dynamics, and that our work yields growth rates as well as instability
conditions. In addition, our treatment addresses some basic issues of the linear theory (e.g., analytic continuatior
of the dispersion function).

The organization of the rest of this paper is as follows. The problem is formulatgddtion 2 and a formal
solution for the dispersion relatioP(s) = 0 is given inSection 3 Here the quantity s governs the stability of
the system (R@) > 0 implies instability). The interpretation, analytic properties, and numerical calculation of the
dispersion relation are discusseddaction 4 along with other issues related to the treatment giveBdation 3
In Section 5 we obtainD(s) for the Kuramoto model of coupled limit cycle oscillators as an exangsetion 6
presents illustrative numerical examples using three different ensembles of globally coupled Lorenz equations. In
particular, these ensembles are formed of systems with a paramiéigris uniformly distributed in an interval
[r—, r4] with three different choices afy. In the first exampleection 6.}, every element of the uncoupled
ensemble is periodic, but the interval [ ] includes a pitchfork bifurcation. The second exam@edtion 6.2is
for an apparently chaotic ensemble, while the third exanfpéeijon 6.3 involves an ensemble that includes both
chaotic and periodic elements. FinalBgction 7concludes the paper with further discussion and a summary of the
results.

2. Formulation

We first treat the simplest case, giving generalizations later in the p8peti¢n 4.%. We consider dynamical
systems of the form

dx; (t)
i G(Xi (1), i) + K(({X))x — ({(x(1)))), 1)
wherex; = (xl.(l), x,.(z), e xl.(q))T is ag-dimensional vectolG is ag-dimensional vector functiors is a constant

g x g coupling matrix;i = 1,2,...,N is an index that labels components in the ensemble of coupled systems
(in our analytical work, we take the limiY — oo, while in our numerical workN > 1 is finite); ((x(z))) is the
instantaneous average component state (also referred to @sléngarameter.

(@) = lim N71% (xi (1) @

and, for eachi, (x;) is the average of; over an infinite number of initial conditiong (0), distributed according to
some chosen initial distribution on the attractor of ittreuncoupled system:

dX,’
o = G(x;, 2)), 3)

where®; is a parameter vector specifying the uncoupkéd£ 0) dynamics, and(x)).. is thenatural measurg18]2
and:i average of the state of the uncoupled system. That is, to comuite, we setk = 0, compute the solutions

2 For a given®, the natural measureg, for an attractord of the uncoupled systenxdd:r = G(x, £) gives the fraction of time.g (S) that a
typicalinfinitely long orbit originating inB(A) (the basin of attraction of) spends in a subsétof state space. By the word typical we refer to
the supposition that there is a set of initial conditiai®) in B(A) where this set has Lebesgue measure (roughly volume) equal to the Lebesgue
measure oB(A) and such that each initial condition in this set gives the same value (i.e., the natural measure) for the fraction of time spent in
S by the resulting orbit.
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to Eq. (3) and obtain(x)), from
(000 = Jim Ny LJI“OO ol /0 ® ) dt] . (4a)

In what follows, we assume that ti§& are randomly chosen from a smooth probability density functi¢).
Thus, an alternate means of expresgim)is

((X))s = /X,O(Sl) dug de2, (4b)

whereug is the natural invariant measure for the systerjidd = G(x, ). By construction((x)) = ({X)). is a

solution of the globally coupled systefh). We call this solution the “incoherent” state because the coupling term
cancels and the individual oscillators do not affect each other. The question we address is whether the incoherent
state is stable. As a system parameter such as the coupling strength varies, the onset of instability of the incoherent
state signals the start of coherent, synchronous behavior of the ensemble.

3. Stability analysis

To perform the stability analysis, we assume that the system is in the incoherent state, so that at any fixed time
and for each, x; (¢) is distributed according to the natural measure. We then perturb thexakbjts> X; (t) +38x; (¢),
wheresx; (¢) is an infinitesimal perturbation:

d(SXi
dr

where

= DG(x; (1), £;)5x; — K({5X)), )

0
DG(x; (1), ;)8X; = 8X; - KG(Xi(t)a Q;).
1

We now introduce the fundamental matkik (z, x; (0)) for system(5), whereM; (¢, x; (0)) is defined as the solution
of

dM; (7, xi (0))

o =DG(X; (1), ;) - M;(z, X (0)) (6)
with the initial conditionM; (0, x; (0)) = 1. The solution tdEq. (5)can now be written as
t
X (1) = —/ M, Xi(O))Ml-_l(f, X; (0))K((8x)). dr, (7)
—00

where we use the notatiqiisx)), to signify that({sx)) is evaluated at time rather than at time (as inEq. (5).
ThatEq. (7)is a solution taeqg. (5)can be verified by substitution.
Assuming that the perturbed order parameter evolves exponentially in timeé(fx), = A e™), Eq. (7)yields

{1+M(@s)K}A =0, 8

wheres is complex, and

t
M(s) = <</ e =IM; (1, x; (0)M [ 2(z, x;(0)) dt>> ) (9)

*
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Thus the dispersion function that determings
D(s) = det{l + M(s)K} = 0. (10)

For Egs. (8) and (10)o make sense, the right sideBf]. (9) must be independent of time. As written, it may not
be clear that this is so. We now demonstrate this and exptéssin a more convenient form. From the definition
of M;, we have

M (£, % (O)IM; (T, % (0) = My (t — 7,%;(1)) = My(T, X (t — T)), (11)

where we have introducefl = ¢ — 7. UsingEq. (11)in Eqg. (9) we have

M(s) = <</oo e STM (T, x;(t — T)) dT>> )
0 *

Note that our solution requires that the integral in the above converge. Since the growthvith increasingr is
dominated byx;, the largest Lyapunov exponent for the ophitwe require

Re(s) > I', I’ = maxh,;.
X,',ﬂ,'

In contrast with the chaotic case whare> 0, an ensemble of periodic attractors Has= 0 (for an attracting
periodic orbith; = 0 corresponds to orbit perturbations along the flow). With the conditioy)Re I", the

integral converges exponentially and uniformly in the quantities over which we average. Thus we can interchange
the integration and the average:

M(s) = /oo e T(Mi(T, x;(t — T))))«dT. 12)
0

In Eqg. (12) the only dependence oens through the initial condition; (¢t — 7). However, since the quantity within
angle brackets includes not only an average oybut also an average over initial conditions with respect to the
natural measure of each uncoupled attrattdine time invariance of the natural measure ensures®hal12)is
independent of. In particular, the invariance of a measure means that if an infinite cloud of initial conditi@)s

is distributed on uncoupled attractioats = 0 according to its natural invariant measure, then the distribution of the
orbits, as they evolve to any timevia the uncoupled dynamic&g. (3)), continues to give the same distribution as
at timer = 0. Hence, althougM; (T, x; (t — T)) depends om, when we average over initial conditions, the result
(M;(T, x;(t — T)))4 is independent of for eachi. Thus we drop the dependence(@fl;)), on the initial values

of thex; and write

M (s) = /OO e T((M(T))).dT, (13)
0

where, for convenience, we have also dropped the subsciijpius,M is the Laplace transform dfM)),. This
result forM (s) can be analytically continued into R@ < I, as explained irection 4.1

Note thatM (s) depends only on the solution of tlieearized uncoupledystem Eq. (6). Hence the utility of
the dispersion functio® (s) given byEg. (10)is that it determines the linearized dynamics of the globally coupled
system in terms of those of the individual uncoupled systems.
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4. Discussion
4.1. Analytic continuation dfl (s)

Consider théth column of((M (¢)))., which we denote({M (¢))).]x. According to our definition oM; given
by Eq. (6) we can interpret({M (¢))).]« as follows. Assume that for each of the uncoupled system<g. (3)
we have a cloud of an infinite number of initial conditions sprinkled randomly according to the natural measure on
the uncoupled attractor. Then,rat= 0, we apply an equal infinitesimal displacemé&ntn the directionk to each
orbit in the cloud. That is, we replacg(0) by x; (0) + §yax, whereay, is a unit vector irx-space in the directioh.

Since the particle cloud is displaced from the attractor, it relaxes back to the attractor as time evolves. The quantity
[({M))«]x8x gives the time evolution of theaveraged perturbation of the centroid of the cloud as it evolves back
to the attractor and redistributes itself on the attractor.

We now argue that{M)),. decays to zero exponentially with increasing time. We consider the general case where
the support of the smooth densjiy2) contains open regions & for which the dynamical syste(8) has attracting
periodic orbits as well as a positive measuregobn whichEg. (3)has chaotic orbits. Numerical experiments on
chaotic attractors (including structurally unstable attractors) generally show that they are strongly mixing, i.e., a
cloud of many particles rapidly arranges itself on the attractor according to the natural measure. Thus,Sr each
giving a chaotic attractor, it is reasonable to assume that the averdge @fer initial conditionsx; (0), denoted
(M;)4, decays exponentially. For a periodic attractor, howe\Mf, . does not decay: a distribution of orbits along
a limit cycle comes to the same distribution after one period, and this repeats forever. Thus, if the distribution on
the limit cycle is noninvariant, it remains noninvariant and oscillates forever at the period of the periodic orbit. On
the other hand, periodic orbits exist in open region® pand, when we average ov&r there is the possibility that,
with increasing time, cancellation-causing decay occurs via the process of “phase nfibdhd=or this case we
appeal to an example. In particular, the explicit computatiotMyf). for a simple model limit cycle ensemble is
given inSection 5 The result is

1| cos§2;t —sing2;t
<Mi>* =35 i
sing2;t  cos$2;t

and, indeed, this oscillates and does not decay to zero. However, if we average over the oscillator digiiftion
we obtain

- 1fc@) —s@
(M))s = > ;
s(t) ()

wherec(r) = [ p(£2)cos$2tds2 ands(r) = [ p($2)sins2t ds2. For any analytico(£2), these integrals decay
exponentially with time. Thus, based on these considerations of chaotic and periodic attractors, we see that for
sufficiently smoothp (2), there is reason to believe th@M)).., the average dfl; overx; (0) and over;, decays
exponentially to zero with increasing time. Conjecturing this decay to be exponélitdl(r))).|| < « €75 for

positive constantg and&, we see that the integral iBq. (13)converges for R@) > —&. This conjecture is
supported by our numerical results$ection 6 Thus, whileEq. (13)was derived under the assumption(Re>

I' > 0, using analytic continuation, we can reg&mul (13)as valid for Rés) > —&. Note that, for our purposes,

it suffices to require only that((M(#))).|| be bounded, rather than that it decay exponentially. Boundedness
corresponds t§ = 0, which is enough for us, since, as soon as instability occurs, the relevant rbgt ohas

Re(s) > 0.
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4.2. Numerically approximatiniyl (s) by use ofq. (6)

We can envision the following numerical method for findif{yl (¢))) . First, approximate the natural measure
of each attractor by a largefinite number of orbits initially distributed according to the natural measure. For each
initial condition, obtainx; () from Eq. (3) Then use these solutions G and solveEq. (6) Finally, average
the resulting matrix solutionk!; over the orbits. While this may look attractive, it can present difficulties in the
case of chaotic orbits. In particular, chaos implies that the indivilyatliverge exponentially, while the average
over the natural invariant measupd; ), decays. That is, when we average over the natural invariant measure, the
exponential divergence of the individull; (z) cancel to yield decay. Numerically, however, we average over a
large but finite number of orbits. For early time, one can expect that this will give a good approximafidp) o
However, as time goes on, the decayMf; ). implies that the cancellation must become more and more accurate
because the individudll; become larger and larger. Thus, eventually, any numerical approximation using a finite
number of orbits must diverge. The question is whether one can obtain results by this method that are accurate for
long enough time to provide a useful basis for approximaliing). We expand and illustrate this issue in greater
detail inSection 6

A variant of the above numerical technique is to obtaM)).. by working directly with the uncoupled nonlinear
equations (3)We use a large finite number of initial conditions chosen randomly with respec@toand the natural
invariant measure. These initial conditions are then all displage€d), — x; (0) + Ay, whereA, = Aia, and Ay
is small. Denoting the solutions &q. (3)with these displaced initial conditiong(z, Ax), we then approximate
the quantity(((x))« — ({(X'(z, A)))), which represents the relaxation of the measure’s centroid after a displacement
A. Inthe limit A, — 0, we have that theth column of((M (¢))) is

[(MO))ulk = A ()5 — (X)) (14)

andEg. (14)is used, with small;, as an approximation. Again, practical numerical issues exist for this technique.
In particular,A; must be small for linearity to be approximated, but this makes the cancellatigr)pf — ((xX))
stronger, which, in turn, necessitates using many initial conditions. Also, as time incrgd43)), decreases,

and fluctuations of(x)). — ({(x')) due to the finite number of initial conditions can overwhelm the computation of
the coherent relaxation to the attractor (Seetion §.

4.3. Numerical approximation &fl (s) as the response Exp(st)1
Since((M)), is the response to an impulse drive, its Laplace transform multiplieddyi és) e, is the response

to a drive 1. We now show this more formally. First we note tti&. (6) with the initial conditionM; = 1 at
t = 0 can be written in the impulse-response form:

M;
d— =DG-M; +68()1,
dr
wheres (¢) is a delta function, anil; satisfies the initial conditioM; = 0 atr = —oo. Shifting time by, we have
d
aMi(I — 10, X (t0)) = DG - M; (t — 10, X; (to)) + 8(t — 10)1, (15)

where we have explicitly included the dependenc®lgfon time and on the initial state (r9) of the unperturbed
orbitx; (r). Multiplying by €%° dfg and integrating over ath, we obtain

dm, -

T’:DG-MiJrestﬂ, (16)
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where
t

M; :f e*°M; (t — 1o, X; (10)) dto, (A7)

—0o0

which converges at the lower limit provided that(®eis sufficiently large. Introducin@ = ¢ — o, averaging, and,
as before, interchanging the order of the average and the integral, we have that the respthis se&laimed,
(M)}, = etM (s). This suggests the following numerical technique for findih¢y). Solve

c(c,s)
dx;
dr

€’! coswt

! sinwt, (18)

= G(Xl‘(c'x), Q) + Ay {
wheres = o —iw, Ay = Ara, andAy is real. For large, but A €’ still small throughout the intervaD, 1), we
can regard the average response as approximately linear. Thidh t@umn ofM (s) is

M )]k ~ A7 e ST(x)s — ()], (19)

whereX; = )"(fc) — i)?fs). Numerically,({(X)) can be approximated using a large finite number of orbits. In[R&f, a

techniqgue equivalent to this withtaken to be imaginary (= —iw) is used to obtain the marginal stability condition

(see also Ref17]). In Section 8ne compare the numerical efficacy of this technique and the techniques discussed
in Section 4.2 The reasoning in Ref16] is heuristic, and, adapted to our settfhiggoes as follows. Numerically,

itis observed that as the coupling is varied, a Hopf bifurcation occurs. Thus, for conditions just past the bifurcation,
the order parameter variation is sinusoid&t) ), — ((X)) ~ —iot Using this as the drive in the nonlinear equation,

as inEq. (18) and computind/l (—iw) as above, self-consistency then yie{tls- M (—iw) - K}A = 0. For the case

of a coupling matrix with one nonzero element located on the diagonalfie = k andKjj = 0if (i, j) # (1, D],

the consistency condition then gives-3/11(—iw)k = 0. Setting the real and imaginary parts of this equation equal

to zero determines the value of the frequency at instability onset and the critical value of the coupling éohstant
4.4. The distribution function approach

Much previous work has treated the Kuramoto problem and its various generalizations using a kinetic equation
approach3-12]. We have also obtained our main res#ty. (10)for D(s), by this more traditional method. We
briefly outline the procedure below.

Let F(x, &, t) be the distribution function (actually a generalized function) such @&t £, ) dx df2 is the
fraction of oscillators at time whose state and parameter vectors lie in the infinitesimal volunu2dcentered
at(x, ®). Note that/ F dx is time independent, since it is equal to the distribution functi¢f?) of the oscillator
parameter vector. The time evolution Bfis simply obtained from the conservation of probability following the
system evolution:

oF d

S+ o GO R) + K- () — () F] = O, (20)
where

(X)) = / dx dR xF, (21)

3 Itis also straightforward to approximalté(s) using the driven linear form,&&; /dr = DFs%; — €5ay, and M (s)]x = ((5%)) et

4 Ref.[16] treats globally coupleitienticalelements so that the average over the distribuytic®) is not present.

5 Another possible technique that appears to be attractive for ensembles of units whose uncoupled dynamics is chaotic is based on the unstable
periodic orbits embedded in the chaotic attractors in conjunction with cycle expansions. This approach is currently under investigation.
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((x)>*=/ dx d2 x Fo (22)

andFp = Fp(X, ) = f(X, )p(R), inwhich f(x, £) is the density corresponding to the natural invariant measure
of the uncoupled attractor whose parameter vect®.ighus f (x, ), which is a generalized function, formally
satisfies

9
e [G(x, R)f(x, )] =0. (23)

Hence,F = Fyp is a time-independent solution Bf. (20)(the “incoherent” solution). We examine the stability of
the incoherent solution by linearly perturbidg F = Fp + § F, to obtain

ISF 9
oy (GO RBF —K((8%)) Fo] = 0, (24)
((8X)) = / dx dR XS F. (25)

We can then introduce the Laplace transform, solve the transformed verston (@4) and substitute int&q. (25)
to obtain the same dispersion functipris) as inSection 3 The calculation is somewhat lengthy, as it involves the
formal solution ofEq. (24)by integration along the orbits of the uncoupled system. We will not present the detailed
steps here, since the result is the same as that derigettion 3where it is obtained in what we believe is a more
direct manner.

The distribution function approach outlined above is similar to the marginal stability treatment ¢ Refor
identical, globally chaotic maps. In that case;> —iw, the Frobenius—Perron equation plays the rolE@f(20)
and the average over parameters is not present.

We note that the computation outlined above is formal in that we treat the distribution functions as if they were
ordinary, as opposed to generalized, functions. In this regard, we notg(tha®) is often extremely singular both
in its dependence ox (because the measure on a chaotic attractor is typically multifractal) aS (because
chaotic attractors are often structurally unstable). We believe that both these sources of singularity are sufficiently
mitigated by the regularizing effect of the averaging process oue®), and that our stability results &ection 3
are still valid. This remains a problem for future study. We note, however, that for structurally unstable attractors,
a smooth distribution of system parametg(§2) is likely to be much less problematic than the case of identical
ensemble componeritss,17], p(2) = §(2 — ). In the case of identical, structurally unstable chaotic components,
an arbitrarily small change & can change the character of the base state whose stability is being examined. In
contrast, a small change of a smooth distribuii@®®) results in a small change in the weighting of the ensemble
members, but would seem not to cause any qualitative change. We remark that the numerical test cases we study i
Section Gare all structurally unstable. Nevertheless, they all agree well with the theory.

4.5. Bifurcations

It is natural to ask what happens as a parameter of the system passes from values corresponding to stability
to values corresponding to instability. Noting that the incoherent state represents a time-independent solution of
Eqg. (1) we can seek intuition from standard results on the generic bifurcations of a fixed point of a system of
ordinary differential equationgR0] (see alsd17]). There are two linear means by which such a fixed point can
become unstable: (i) a real solutionBfs) = 0 can pass from negative to positivealues, and (ii) two complex
conjugate solutions, ands*, can cross the imaginasyaxis, moving from Ré&) < 0 to Res) > 0.

In reference to case (i), we note that the incoherent steady state always exists for our formuictioin 2 In
this situation, in the absence of a system symmetry, the generic bifurcation of the system is a transcritical bifurcation
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| K
s P
t? ! —'——f—-—}l _______ -
(a) Transcritical (b) Subcritical Pitchfork

(¢) Supercritical Pitchfork

Fig. 1. Bifurcations. The horizontal line represents the incoherent state. Dashed (solid) lines represent unstable (stable) fixed pointsyand a syst
parameter governing the instability increases toward the right.

(Fig. 1(a)). In the presence of symmetry, the existence of a fixed point solution{({ith. — ((x)) honzero may
imply the simultaneous existence of a second fixed point solution(yjh, — ({(X)) nonzero, where these solutions
map to each other under the symmetry transformation of the system. In this case the transcritical bifurcation is
ruled out, and the generic bifurcation is the pitchfork bifurcation, which can be either subciiigati(b)) or
supercritical Fig. 1(c)).

In case (ii), where two complex conjugate solutions cross thig)laxis, the generic bifurcations are the subcritical
and supercritical Hopf bifurcations. (In this case we note that although the individual oscillators may be behaving
chaotically, their average coherent behavior is periodic.)

In our numerical experiments Bection 6ve find cases of apparent subcritical and supercritical Hopf bifurcations,
as well as a case of what we believe is a subcritical pitchfork bifurcation. The reason we believe it is a pitchfork
rather than a transcritical bifurcation is that our globally coupled system is a collection of coupled Lorenz equations.

Since the Lorenz equations
@ @ 3
—d);t =o(x@ —x®), —d)(;t =x®D - x@ _ ;D@ —d)(;t = —bx® 4 xDx? (26)

have the symmetryx D, x@ x@) - (—xD —x@ x®) and since the form of the coupling useddaction 6
respects this symmetry, the transcritical bifurcation is ruled out.

4.6. Generalizations

One generalization is to consider a general nonlinear form of the coupling such that we replacg Eysyem
dX,’

o =G0 Ry, Y = (X)) — (X)) (27)
and the role of the uncoupled system (analogousato(3) is played by the equation

dX,‘ ~

e G(x;, 2;,0). (28)

In this more general setting, following the stepsSaiction 3yields
D(s) = det + Q(s)}, (29)
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where
Q(s) = [OO d7 e (M (T)Dyé(x, @, 0))).
0

A still more general form of the coupling is

dX,‘ _ P - ‘
v G(X;, i, {((X))). (30)

For Egs. (1)and(27), a unigue incoherent solutiofix)). always exists and follows fror&q. (4a) and (4bpy
solving the nonlinear equations for eaGhiO) with y = ({(x)), — ({X))) set equal to zero. In the casekxd. (30)
the existence of a unique incoherent state is not assured. By defiritidnis time independent in an incoherent
state. Thus, replacingx)) in Eq. (30)by a constant vectar, imagine that we solvEq. (30)for an infinite number

of initial conditions distributed for eachon the natural invariant measure of the systery/dr = é(xi, Q;,u),

and then usé&q. (4a) and (4bjo obtain the averaggx)),. This average depends anso that((x)), = F(u). We
then define an incoherent solutiox)), for EqQ. (30)by setting((X))y = u = {{X))4, SO that{(x)). is the solution
of the nonlinear equation

(X))« = F(((X))+).

Generically, such a nonlinear equation may have multiple solutions or no solution. In this setting, if a stable solution
of this equation exists for some paramdtet k¢, then the solution of the nonlinear syst€¢80) (with appropriate

initial conditions) will approach it for large If, now, ask approachesg; from below, a real eigenvalue approaches
zero, thenk = k¢ generically corresponds to a saddle-node bifurcation. That is, an unstable incoherent solution
merges with the stable incoherent solution, andifor k¢, neither exist. In this case, the loss of stability by the
Hopf bifurcation is, of course, still generic, and the incoherent solution conEinues to exist before and after the Hopf

bifurcation.D(s) for Eq. (30)is given byEg. (29)with Dyé replaced by—D<<x>>é evaluated at the incoherent state
(X)) = ({X))4), whose stability is being investigated.

Another interesting case is when the coupling is delayed by some linear deterministic process. Thaths, the
oscillator does not sengéx)) immediately, but rather responds to the time history(rf). Thus, usindeq. (27)as
an example, the coupling terynis replaced by a convolution:

t
v = [ A=) (0 = (00,
—0o0
In this case, a simple analysis shows thgt (29)is replaced by
D(s) = det1 + Q(s) - A(s))},
where
o o0
A(s) = / dr e StA(1).
0
The simplest form of this would be a discrete delay
A@t) = Ké@t —mn),

in which caseA(s) = 1es. (The case of time delayed interaction has been studied for coupled limit cycle
oscillators in Refs[6-8].)

In addition to these generalizations, others are also of interest. For example, the inclusion of noise and coupling
“inertia” is studied in the limit cycle case in Rgh].
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5. TheKuramoto problem

As an example, we now consider a case that reduces to the well-studied Kuramoto problem. We consider the
ensemble members to be two-dimensiomal= (x;(¢), y; (t))", and characterized by a scalar parame2grFor
the coupling matrixK we choosek1. ThusEq. (1) becomes & /dr = G (x;, yi, ;) + k({{x))x — ((x))),
dy;/dr = GO (x;, vi, 2)) +k(({(y))« — ({(y))). We assume that in polar coordinates= r cost, y = r sinf), the
uncoupled £ = 0) dynamical system is given by

do;

— =, 31
0 (31)
dr; ro—r;

e _ v 2
dr r (32)

wheref2;t « 1. That is, the attractor is the circte = rg, and it attracts orbits on a time scald¢hat is very short
compared to the limit cycle period. F&¥; T <« 1 it will suffice to calculateM; (¢) for ¢ > 7. To do this, as shown in
Fig. 2, we consider an initial infinitesimal orbit displacemeky; = a, dxoi + a, dyoi wherea, , are unit vectors.
In a short time, this displacement relaxes back to the circle, so thé@#g2) > ¢ > t we haver = rg, 0 = 0qj,
A;i(t) >~ Ajiag, wheref,; is the initial valued; (0), ay is evaluated a; (0), andA; = — SiN6pi dxoj + COSHoi dyoi-
For latertime > t,we have = rg, 6; (1) = 0o+ £2;t andA; (1) = A;ﬁa@, with ayg evaluated &, (7). In rectangular
coordinates, this is

dx;(t) | | sin(Ooi + $2;t) Sinfj  — sin(6oj + £2;1) COSHy; dxoi
dyi(r) | ~ | —cos(Boi + £2;1)SiNbei  COS(Boi + £2i1) COSAoi dyoi |-

By definition, the above matrix il;, which appears iSection 3 Averaging this over the invariant measure on the
attractor ofEqgs. (31) and (32mplies averaging ovet;. This yields
1 [ cos$2;t —sinQit}

(33)

Mo ==
(Mo 2| sing2;r  cos$2;t

Averaging the rotation frequenci&g over the distribution functiop (£2) and taking the Laplace transform gives
M (s):

M (s) = [ @+ +q-) g+ —q)]

; 34
—ig+—q-) (@g++q-) (34)

A,(t) for t>>1

'\eaj 61/ / X

Fig. 2. lllustration showing how!; is obtained for the Kuramoto example.
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1< 1 > _1./+°°,0(.Q)d[2 (35)

qi(s):Z sFif Q=4 o STFIi

and, in doing the Laplace transform, we have neglected the contribution to the Laplace integral from the short time
interval 0 < ¢ < O(t) (this contribution approaches zero@s — 0). UsingEgs. (34) and (351 Eq. (10)then
givesD(s) = D, (s)D_(s), whereDL(s) is the well-known result for the Kuramoto model (¢.40]):

k /+°° p(2)d2

D =1+- = R
+(5) +2 . stfin 0, &s) >0 (36)

and D (s) for Re(s) < 0 is obtained by analytic continuatid®,10]. Note that the propertpl(s) = DJF(sT),
where T denotes complex conjugation, insures that complex ro@$sof= D (s) D_(s) = 0 come in conjugate
pairs.

6. Numerical experiments

In this section, we illustrate and test our theoretical results using three different ensembles of globally coupled
heterogeneous Lorenz oscillators. The Lorenz equations are giem {26) For our numerical experiments, we
setoc = 10 andb = 8/3, and the ensembles are formed of systems with the parametéiormly distributed in
an interval f_, r1]. We consider three different cases: an ensemble of periodic oscillators containing a pitchfork
bifurcation ¢~ = 150 andr;. = 165), an apparently chaotic ensemble & 28 andr; = 52), and an ensemble
with mixed chaotic and periodic oscillators (= 167 and-. = 202).

As previously stated, the dispersion functiad(s), given by Eq. (10) depends only on the solution of the
linearizeduncoupledsystem, and(s) in turn determines the linear stability of the incoherent state ofjtbieally
coupledsystem. To demonstrate this numerically, we consider the simple case in which the couplingnfetsx
only one nonzero diagonal element, i.E3; = k andKj; = 0 for all (i, j) # (1, 1). For each type of ensemble,

a large numberX > 10%) of Lorenz equationsHq. (26) were initialized with random initial conditions chosen
within their respective basins of attraction. The Lorenz equations were integrated using the standard fourth-order
Runge—Kutta method with a fixed time step. Each element in the ensemble was independently integrated for a
sufficiently long but random time to ensure that the ensemble was essentially on the attractor and was not initiated
in a coherent state. Since the number of oscillaiiis large, we choose a simpler forifixY)) = N1 > xl.(l),

for the order parameter definedH. (2) With N sufficiently large, the averagel.(l)) over the natural measure for

a given system can be absorbed into the summation aver

In the numerical experiments below, we consider the following time-averaged quantity as a measure of the
coherence of the order parameter:

1+T 1/2
Xr = [T—l / <<x<1><z’)>>2dt’} : 37)
t

wherer is sufficiently long so that the ensemble has achieved its time asymptotic behavidrissswfficiently long
so thatir is essentially independent 6 Note that the symmetry of the Lorenz equations uridé?, x@, x®) —
(—xD, —x@ x93 implies that({(xD)), = 0 for N = oo when the initial conditions are distributed symmetrically
in space. Near = 0, the ensemble is weakly coupled and the incoherent solution is expecteag, reQ. (Although
((xD)) is time independent in the infinité limit for the incoherent stateé(x ™)) exhibits small fluctuations in time
for finite N.) As the magnitude of increases, transitions to different coherent states where 0 are observed



E. Ott et al./ Physica D 173 (2002) 29-51 41

(seeFigs. 5, 11 and 18elow). With the three ensembles we have chosen, we have observed supercritical Hopf (the
right transition inFig. 5and the left transition ifrig. 18, subcritical Hopf (the left transition iRig. 5and the right
transition inFig. 18, and a subcritical pitchfork bifurcatiorrig. 11) from the incoherent state.

Theoretical predictions for the critical coupling strengthfor each of these bifurcations can be obtained by
estimatingM11(s) from the correspondingncoupledensemble. In particular, we consider the marginal stability
condition described iBection 4.3First, we numerically integrateq. (18)witho = 0 (s = —iw)andA = (A, 0, 0).

With A chosen to be sufficiently small, the average response is linear ait] theelement oM (—iw) is

Mi1(—iw) ~ A~Le @ [((x D)), — (D)), (38)

where (1)) is defined inEq. (19)and can be obtained numerically from an ensemble of orbits solved from
Eqg. (18) Since we are using a finite number of elements in the ensemble, there will be statistical noise in the
ensemble averages calculated on the right hand silg.qf38) this can be minimized by averaging over time, i.e.:

;
M11(—iw) ~ (T A)~t [O e ((x ), — (D)) dr. (39)

With the coupling matriXX being nonzero only in it¢l, 1) position,Eq. (10)yields
1+ A;Ill(—ia))k =0. (40)

The real and imaginary parts Bfy. (40)provide two equations that can be used to determine both the critical value
of the coupling constarit* and the frequency™ at the onset of instability. In particular, the imaginary part of the
equation, Im]11(—iw)] = 0, can be solved fap* (note that there may be multiple roots). The real part then yields
the corresponding critical coupling: = —[M11(—iw*)] . To determine which of the possibly multiple roots for

w* are relevant, we note that &sncreases or decreases from zero, a critical vafuis encountered at which the
incoherent state first becomes unstable. Hence we are interested in obtaining the smallest Viahiéer dfoth
positive and negativi®. (For clarity, we will denote the negative critical value-byk*|.) Accordingly, the relevant

o roots are those that yield the largest valuéM§ (—iw)| for both M11(—iw) > 0 andM11(—iw) < 0. Denoting

the corresponding roots byw;; andwj;, respectively, it is expected that the incoherent state is stable in the range
—|k¥| < k < ki, where

1
k * *
=———  _k|<O0<k 41
@b Mii(—iwy ;) ¢ ’ @
and that instability ensues asncreases througky; (or decreases through|}|).
Growth rates and frequency shifts frand can also be simply obtained férmeark*. Settingk = k* + 8k and
s = —i(0* 4+ 8w) + y inthe dispersion relation-+ kM11(s) = 0, and expanding for smalk, Sw, andy, we obtain

Sk dIm[Mii(—iw)]/dw
(k*)2 | M11(—iw)/dw|2

(and a similar equation fatw), where the expression on the right sidesaf. (42)is to be evaluated ab = w™*.
Thus, instability implies thad Im M11(—iw*)/dw < 0 if sk > 0 andd Im M11(—iw*)/dw > 0 if 8k < O.

These growth rates can be estimated numerically by the following procedure. For a given ensemble, we initiate
the system in its incoherent state by setting the coupling to zero and integrating for a sufficiently long time. The
coupling is then switched on to a value less thak,|* or larger thark;, where the incoherent state is unstable
and the order parameténc 1)) begins to grow exponentially. If the transition is a pitchfork bifurcation, we expect
(xDN (@) ~ e for ((xD)) sufficiently close to the incoherent state. The growth fatean be obtained by
measuring the slope of the graph(In™®))(¢) versust. If the transition is a Hopf bifurcation, the growth of the

(42)

7/:



42 E. Ott et al./ Physica D 173 (2002) 29-51

220+

Xnax
200+

180~ /

150 155 160 165
r

Fig. 3. Bifurcation diagram for the Lorenz system in the parameter rargEL50, 165] (periodic ensemble).

order parameter will be modulated by a sinusoidal function. In this case, the envelope of the oscillating order
parameter grows exponentially and the growth rate can be extracted by measuring the slope of the logarithm of this
envelope function versus time.

6.1. Periodic ensemble

We first consider an ensemble of Lorenz oscillators with= 150 andr; = 165. In this range of param-
eters, the Lorenz equations yield stable periodic orbitsr Alecreases through a critical valuge~ 1547, the
system goes through a pitchfork bifurcation in which a single periodic orbit symmetric griderx@ | x®) —
(—x®, —x@ x@) pifurcates into a pair of asymmetric periodic orbits. The range of dynamics for the (uncoupled,
k = 0) Lorenz equation in this parameter range is illustrated in the bifurcation diagr&ig.ifi. This bifurcation
diagram is constructed by plotting the maxima of the funcii¥(¢) in the Lorenz equation farsufficiently large
so that any transient is minimized. To further illustrate the pitchfork bifurcation, phase space plots of the limit cycle
attractors at = 165 andr = 150 are shown iffrig. 4(a) and (b), respectively.

Fig. 5a) and (b) show plots aof; as a function of the coupling strengthSixty thousand oscillators are used.
Data are plotted corresponding to the cases in whidhcreases (black squares) &ndcreases (gray circles). As
expectedjr is practically zero (to order @V —1/2)) for k near 0. Ask increases through; = 0.95+ 0.1, the

incoherent state destabilizes andincreases from zero. Similarly, &slecreases through|k’| = —0.70+ 0.04,
250-
200
200
X oo
X
150
150+
100 1001
50 25 0 25 50 50 25 0 25 50
(a) X" (b) X

Fig. 4. Periodic orbits from the Lorenz equation withfay 165 and (b) = 150. Black and gray in (b) denote the separate periodic orbits that
are present after the pitchfork bifurcation.
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Fig. 5. The order parameter as a function of the couptirigr the periodic ensemble. Transitions are observed at(&)| = —0.70 £ 0.04

and (b)k;: = 0.95+0.1.

the incoherent state again destabilizes. The transitienl/g| is hysteretic, while the transition & is not. It is

also beneficial to examine the time evolution of the instantaneous order paramétg)y near the onset of these
transitions. This is shown iRig. @) and (b), in which((x@ (r))) versus((x®(¢))) is shown before (gray) and

just after (black) the transitions at (a)k| and (b)k;. These transitions are apparently subcritical and supercritical
Hopf bifurcations, respectively. The spread in the trajectories is due to the finiten¥ssveffind that decreasing

N increases the spread. In the following, we investigate the oscillation frequency and growth rate of the order
parameter near these transition points.

Using the frequency response method described at the beginning of this sectiorSactiom 4.3we calculate
M11(—iw) as a function of» using an ensemble of uncoupled elements. We plot both the real (black) and imaginary
(gray) parts off11(—iw) in Fig. 7(a). (For comparisorkig. 7(b) shows the results of the linear displacement method
of Section 4.2see the discussion below.) For these curves, we use a forcing stegngtd.05 andN = 20,000
in our calculations. As one can see, WM1(—iw)] crosses zero more than once, and each root corresponds to a
possible solution fow*. Note that the maxima of R&[11(—iw)] are attained very near, but not necessarily at, these
w* roots. The two critical values-|k;| andk; are predicted byq. (41)with w , corresponding to the largest
values of|Re[M11(—iw*)]| for which Im[M11(—iw*)] = 0. These values are indicated by the dotted lines in the
figure, and they yield predictions ef|k};| = —0.72+ 0.05 andk;; = 0.93+ 0.03. These predictions agree well
with the critical transitions observed in our numerical experiments using the full nonlinear system (see above).

104
2
5,
X 2
% 0 % 0
v M
-5
-2
-104
40 5 0 5 10 40 05 00 05 10
(a) <<XMss> (b) <<XMss

Fig. 6. Phase portraits showing the transition of the order parartgiey)) for k slightly past (black) and slightly before (gray) the critical
values at (a)-|k;| and (b)k;.
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Fig. 7. ReM11(—iw)] (black) and Imp111(—iw)] (gray) versusy, calculated using (a) the frequency response methog 0.05), and (b) the
linear method described Bection 4.2Both methods yield very similar results overall. The predicted critical coupling values, calculated using
the frequency response method and the values at the points indicated in (a)dre: —0.72 + 0.05 andk; = 0.934 0.03.

In addition, the predicted frequency at the supercritical bifurcatiokf as w;, ~ 214. Fig. 8 shows the power
spectrum of (x™ (1)) for k = 1.2, i.e., slightly greater thaky; this figure reveals a prominent peak at a frequency
of approximately 21.4, in agreement with the predicted valus;of

Since the elements within this ensemble are not chaoticyVithe) do not diverge in time, and we expect the
linear displacement method describeddction 4.Zor estimating((M (¢))) ., to work well. The ensemble average
({(M()))+ should decay due to “phase mixing,” as in the Kuramoto exampleSsetons 4.1 and)5A graph of
({M11(t)))+ for the periodic ensemble is plottedHkiiy. 9. As one can se&{M11(¢))), exhibits complex oscillatory
behavior as it decays to zero, where small fluctuations presumably due td\fiaieeevident. To obtaif11(—iw),
we sets = —iw in the Laplace transform df M11(7)))«. The real (black) and imaginary (gray) partsiéfi(—iw)
(black) obtained by this method are plottedriy. 7(b). These graphs generally agree with the graphs obtained
using the frequency response method (showRiin 7(a)) except near the roots of 1 (—iw*)] = 0, where
the peaks were not well resolved. Attempts to improve the frequency resolution of the Laplace transform require a
calculation of({M11(r)))+ for a longer time. However, fluctuations due to the finite number of ensemble elements
prevent the accurate calculation of the decay(#f11(7))) . to zero for large times. Thud] must be increased, and
practical considerations limit the usefulness of this method (although we note that, for this example, the method
does yield good values fas; andwy,).

10° .
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%101
2 ] m
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10“5] : . ,‘ , 1.
0 10 20 30 40 50 60

Frequency (Hz)

Fig. 8. The power spectrum ¢fx ™)) for k = 1.2, i.e., slightly larger thahy;. The largest peak occurs at a frequency 08240.1, in agreement
with the predicted value 238 + 0.15.
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Fig. 10. The bifurcation diagram for the Lorenz system in the parameter raad28, 52] (chaotic ensemble).

Similarly, an accurate measurement of the growth rate of the mean field requires very large ensembles and
extremely long transients due to the weak phase mixing, and again we have found this calculation to be numerically
impractical. Thus, we demonstrate our growth rate calculations only in the computationally more feasible cases
considered below, i.e., the chaotic and mixed ensembles.

6.2. A chaotic ensemble

We now consider an ensemble of Lorenz equations with= 28 andr, = 52. From the bifurcation diagram
(seeFig. 10, the ensemble seems to consist of predominantly chaotic sy&tevitkin this range of parameters,
the positive Lyapunov exponent varies between approximately 0.904 and 1.323.

Once again, we examined the destabilization of the ensemble’s incoherent state by pjo#tag function ok.
One can see iRig. 11that this chaotic ensemble has a hysteretic transitiefiidt| = —5.56+0.01. On the positive
side, the incoherent state is stable up to the largesatue testedi = 7). Examining the temporal dependence of
the instantaneous order paramétg(z))) near the transition at |k*|, we find that the order parameter jumps to one
of two stable fixed points on opposite lobes of the Lorenz attractorHiged 2). As we have discussed previously
(Section 4.5, this subcritical transition is expected to be a pitchfork bifurcation rather than a transcritical bifurcation
due to the intrinsic symmetry of the Lorenz equations.

6 Narrow windows most likely exist within this parameter rafig], but they appear be too small to be easily detectable.
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Fig. 12. Phase portrait of the transition of the order parameter (black). The central black oval is before the transition; afterwards, the order

parameter shifts to one of the two lateral black dots. A single uncoupled Lorenz attractoef&? is shown in the background (gray) for
comparison.

We calculatedV/11(—iw) as a function of» by examining the uncoupled ensemble under periodic perturbation.
For this case, we chose the forcing strengtko be 2 andv = 20,000. (We varied the value af by an order of
magnitude from 0.5 to 5 and the result does not seem to change significantly; this indicates that the perturbation
is sufficiently linear.)Fig. 13 shows the real and the imaginary partsidfi(—iw) versusw for this case. As
compared with the previous example, the frequency response curve is simpléhljw)] crosses zero only

0.204
0.154

5 0.101

M, (-io)

0.05+

0.00

Fig. 13. ReM11(—iw)] (black) and Imp11(—iw)] (gray) versusw. A = 2. For comparison, Réj11(—iw)] obtained with the linear (solid
circles) and the impulse-response (open circles) methods are included.
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atw* = 0, where Re}l11(—iw)] has a prominent peak. Usirfg. (41) this gives a critical coupling value of
—|k*| = —=5.57£ 0.15. This result agrees well with the threshold of instability for the incoherent state observed in
the globally coupled ensemble.

We have also attempted to calculafe; (—iw) for this (chaotic) ensemble using the other two methods described
in Section 4.2These are the linear method, in which the linearized equaign(g) is solved forM11(z) and the
result is averaged, and the impulse-response method, in which the orbits on the attractor are displaced by a small
amount in thex® direction and the rate of decay back to zero is measured. The results from these methods are
included inFig. 13with filled and open circles, respectively. While all methods agree reasonably well$02.5,
the important narrow peak at= 0 is missing from the results of both the linear and the impulse-response methods.

This discrepancy can be understood by observing that the peak=atO represents long-time dynamics. In
particular, the half-width of this peak hasy ~ 1, corresponding to a decay time scale pAl ~ 1. In contrast,
the spectrum, with this peak deleted, has a half-widtihaf~ 8, corresponding to a much shorter time scale of
approximately 0.1. The linear and impulse-response methods apparently resolve the short time scale well, but fail
to adequately resolve the longer time scale. This is due to the problem that we have disc8sstidimd.2For the
linear method, the individuadi; (r) grow exponentially in time, and hence the ensemble averd§é))). requires
a delicate canceling to remain valid for large timegy. 14shows a graph of(M11(¢))). for the linear method in
gray.({M11(2)))« initially decays exponentially, but far> 0.7, it begins to grow as the balanced canceling breaks
down due to the fact that only a finite number of elements is used in the calculation. Thus, when obtaining the
Laplace transform, we have integrated only over the reliable range, ket,© 0.7. This has the effect of leaving
out the slower decay, which is vital for determining the critical coupling strength for the onset of instability in this
case. In contrast, wheldiM11(2))), is measured using the impulse-response method, it does not ultimately diverge
exponentially. However, its exponential decay is masked by fluctuationsfdp.7, again due to finitev (see the
black curve inFig. 14).

We find that the frequency response method is more reliable because the temporal averaging effectively reduces
statistical noise. Therefore, we are able to obtain a good estimaite @f-iw) with only a moderate number of
oscillators. The cost for these improved statistics is that each calculation is for only one particular value of
This is in contrast to the impulse-response method, in which the Laplace transfotmiafz))). gives the entire
dependence o#11(—iw) on w at once. Some of the comparative advantages and drawbacks among the three
numerical methods in calculating;1(—iw) can be clearly seen in this example.

The growth rate of the incoherent state, when it first becomes unstable, can be estimatddffofa (—iw)] /0w
atw = w* = 0. According toEq. (42) this growth rat&y ) is a linear function ok for k close tok*. To verify this,
we obtain growth rates for various valueskdby initializing the ensemble in the incoherent state and fitting a line
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Fig. 14. Graph of (M11(¢))). for the chaotic ensemble using the linear (gray) and the impulse-response methods (black).
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Fig. 15. Graph of If(x®(¢))) versus, showing the destabilization of the incoherent statefslightly larger thark*. Since the transition is
subcritical, only the initial growth rate is estimated as shown.

to the graph of If(x™D)) versus time. Since the transition is subcritical, only the initial growth rate is measured.
Fig. 15shows the typical behavior fdrslightly beyond the critical value. A plot of estimated growth rates versus
8k is shown inFig. 16 The predicted slope, calculated from the frequency response methodEgiri#)8) is
—0.294 0.02. This agrees well with the measured growth rates.

6.3. A mixed chaotic ensemble with periodic windows

For our last example, we consider an ensemble that contains both chaotic and periodic oscillatorsg7
andr; = 202). As one can see from the bifurcation diagrarfrim 17, there is a prominent period-four window
nearr = 181. Thus, the chaotic attractors in this ensemble are expected to be structurally uRrsgali@shows
a plot of x7 as a function ok. The incoherent state becomes unstable exreases througk; = 1.754+ 0.05
and ask decreases throughl|k}| = —0.68 + 0.03. For the left (negative) transition, the order paramgpe(r)))
becomes periodic, and the amplitude of its oscillation gradually increasemases beyond its critical value at
—|kk|. Thus, this transition is a supercritical Hopf bifurcation. The frequency of oscillation of the order parameter
near this transition is estimated from the power spectrutid? (1))) to bew; ~ 12.2. The transition ak; appears
to be a (hysteretic) subcritical Hopf bifurcation. Phase portraits for either side of the two transitions are shown
in Fig. 19a) and (b).

As before, these two transitions can be predicted fidm (—iw) calculated from the uncoupled ensemble.
Fig. 20shows a graph of the real and the imaginary part3/ef(—iw) obtained using the frequency response

0.20-
0.15- %
¥ 0.10/

0.05

Fig. 16.y versussk for the chaotic ensemble near the transition. The slope predicted using the frequency response method is also shown (lines).
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Fig. 17. The bifurcation diagram for the Lorenz system in the parameter raad&67, 202] (mixed ensemble).
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Fig. 18. The order parameter as a function of the couplifir the chaotic ensemble. Transitions are observed|&f| = —0.68+ 0.03 and
kj =175+ 0.05.

method (A = 0.7 andN = 20,000). As in the periodic ensemble case, the maxima offRg[-iw)] occur very
near, but not exactly at, theroots of Im[M11(—iw)] = 0. UsingEq. (41) the values of Ra[?ll(—iwj’b)] near the
two biggest peaks give|k;| = —0.72+0.09 andk; = 1.64+0.08. The predicted transition frequency associated
with the supercritical transition at|k}| is approximately 12.2. These predictions agree well with the observed
quantities obtained using the fully nonlinear, globally coupled ensemble.

(a)

<<X‘">>

(b)

0 5
<<Xm>>
Fig. 19. Phase portraits showing the transition of the order parartigtey)) for k slightly past (black) and slightly before (gray) the critical
values at (a)-|k;| and (b)k;.
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Fig. 20. ReM11(—iw)] (black) and Imp/11(—iw)] (gray) versusw; A = 0.7 and N = 20,000. The predicted transition values are
—|k;| = —0.72£ 0.09 andk;; = 1.64+ 0.08.
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Fig. 21.y versussk for the transition in the mixed ensemble neak|. The slope predicted from the frequency response method is also shown
(lines).

We have also compared the actual growth rate obtained from the globally coupled ensemble with its predicted
value calculated from/11(—iw) using the same procedure described abBig.21shows a graph of versussk
for the transition at-|k|. The predicted slope, calculated using the frequency response methodEgsifig) is
—0.26 4+ 0.05; this agrees well with the measured growth rates.

7. Conclusion

We have presented a general formulation for the determination of the stability of the incoherent state of a globally
coupled system of continuous-time dynamical systems. This formulation gives the dispersion function in terms of a
matrix M (s) which specifies the Laplace transform of the time evolution of the centroid afrtbeupledK = 0)
ensemble to an infinitesimal displacement. Thus, the stability of the coupled system is determined by properties
of the collection of individual uncoupled elements. The formulation is valid for any type of dynamical behavior
of the uncoupled elements. Ensembles whose members are periodic, chaotic, or a mixture of both can be treatec
We discuss the analytic propertiesMf(s) and its numerical determination. We find that these are connected: the
analytic continuation oM (s) to the Im(s) axis is necessary for the application of the analysis, but, in the chaotic
case (as discussed Bections 4.3 and)git leads to numerical difficulties in obtaining (s). We illustrate our
theory by application to the Kuramoto problem and by application to three different ensembles of globally coupled
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Lorenz systems. In particular, our Lorenz ensembles include a case where all of the uncoupled ensemble members
are periodic with a pitchfork bifurcation of the uncoupled Lorenz equations within the parameter range of the
ensemble, a case where all the ensemble members appear to be chaotic, and a case where the parameter range
the ensemble yields chaos with a window of periodic behavior. These numerical experiments illustrate the validity
of our approach, as well as the practical limitations to its numerical application.
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